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Pµνρ(x, y, z) = −i tr([Aµ(x), Aν(y)]Aρ(z)) = 1
2
fabcA

a
µ(x)A

b
ν(y)A

c
ρ(z) C = +1
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P : fabc ⇔Ψ(−)(~z1, ~z2, ~z3)

O : dabc ⇔Ψ(+)(~z1, ~z2, ~z3)
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MΨ(~z1, ~z2, . . . , ~zN) = Ψ(~zN , . . . , ~z2, ~z1)
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Ψ ≡ Ψ{q3,q̄3}(~z1, ~z2, ~z3; ~z0)
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Ψ{q3,q̄3}(~z1, ~z2, ~z3; ~z0) = whw̄h̄F (x, x̄)
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Ψ ≡ Ψ{q3=0,q̄3=0}(~z1, ~z2, ~z3; ~z0)
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(h, h̄) = (1,0) � � (0,1)
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)  7 � $  ! q3 = 0 � � &� E3 > 02

Ψ(~z1, ~z2, ~z3; ~z0) = whw̄h̄
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1 + (−x)h(−x̄)h̄ + (x− 1)h(x̄− 1)h̄
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Ψ(~z1, ~z2, ~z3; ~z0) = w ((−x)Log(xx̄) + (x− 1)Log((x− 1)(x̄− 1)))
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[Q(u, ū), Q(v, v̄)] = [t̂N(u), Q(v, v̄)] = [t̂N(ū), Q(v, v̄)] = 0(

t̂N(u) = 2uN + q̂2uN−1 + . . . + q̂N3 � � & �$ � � � � &�  ! %

t̂N(u)Q(u, ū) = uNQ(u + i, ū) + uNQ(u− i, ū)

t̂N(ū)Q(u, ū) = (ū + i)NQ(u, ū + i) + (ū− i)NQ(u, ū− i)
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θ3 = 0� � B

θ3 = 2π
3 36 " �

θ3 = 4π
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� � , �� � � � � �- � �� � � �� � � � � � � . �� � � � �

HΨ(u, ū) = EΨ(u, ū) � � &� Ψ(u, ū) = c1Ψ1(u, ū) + c2Ψ2(u, ū)

�� � $ � QΨ1(u, ū) = Q(1)Ψ1(u, ū)

QΨ2(u, ū) = Q(2)Ψ2(u, ū)

� ! * Ψ1(u, ū),Ψ2(u, ū)−� ! * � 
 �! * �! &

[Q,H] = 0

&� �! HΨ1(u, ū) = E(1)Ψ1(u, ū)

HΨ2(u, ū) = E(2)Ψ2(u, ū)

� ! * E(1) = E(2)

�  � � # � $ ( E(1)(q2, q3, . . ., qN) = E(2)(q2, q3, . . ., qN)�  $ � � � {q2, q3, . . ., qN}
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n=0 bn �  $ M <∞

E(i) = ε(i) + ε̄(i)� ! * Ψi(u, ū) = Ψi(u)Ψi(ū) � � &� HΨi(u) = ε(i)Ψi(u)

6 � 
� &  #�� % � �	  ! * �2 ε(1) = ε(2) 8 � � & 6⇐= > E(1) = E(2) �
u �



� � , �� � � � � E
(1)
3 −E

(2)
3 � � � h = 1/2

i q3 = ±0.20526
M∑

n=0

an −
M∑

n=0

bn

0.1 0.2 0.3 0.4 0.5

0.00001

0.0001

0.001

0.01

[h]

−E3

−E4

−EN

q
4
/q

2

N

|q
N
|/q

2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

M = 100

M = 200

M = 400

M = 800

M = 1600

M = 3200

M = 6400

M = 12800

M = 25600

i q3

�� � $ � E
(1)
3 =

∞∑

n=0

an � ! * E
(2)
3 =

∞∑

n=0

bn �� � � � E
(1)
3 = E

(2)
3

u �



� �� � 6 � 
� &  #�� % & � % & � � ! 	 &�  ! 2 ε
(1)
3 − ε

(2)
3 �  $ h = 1/2

i q3 = ±0.20526

i q3

(
ε(1)
3,M − ε(2)

3,M

)

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

-0.4

-0.2

0.2

0.4

[h]

−E3

−E4

−EN

q
4
/q

2

N

|q
N
|/q2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

M = 1600

i q3

�� � $ � E
(i)
3 = lim

M→∞

(
ε
(i)
3,M + ε̄

(i)
3,M

)

�� � � � E3 = E
(1)
3 = E

(2)
3

v w



/ � � / � . / �� �� �� / � � � . q3 = 0 �� �� / � � � � N = 4
B � %	 �! * �! & % &� & � %2 � &� & � % � � &�

q4 = 0� ! * h = 1/2 q3 = 0� ! * h = 1/2

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

[h]

−E3

−E4

−EN

q
4
/q

2

N

|q
N
|/q

2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

[h]

−E3

−E4

−EN

q
4
/q

2

N

|q
N
|/q

2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

Re[q3
1/3] Re[q4

1/4]

Im
[q

3
1
/
3
]

Im
[ q

4
1
/
4
]

v u



/ � /+ � � � �� � �� � � � / � � � � N = 4 � � . h = 1/2

	  ! 	 � # � 	  ! # ��

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

[h]

−E3

−E4

−EN

q
4
/q

2

N

|q
N
|/q2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]
Re[q4

1/4]

Im[q3
1/3]

Re[q3
1/3]

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

[h]

−E3

−E4

−EN

q
4
/q

2

N

|q
N
|/q2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

Re[q4
1/4] Re[q3

1/2]

Im
[q

4
1
/
4
]

Im
[ q

3
1
/
2
]

v v



� � . � � 0 � �� � � � / � � � � N = 4 � � . h = 1/2

-6 -4 -2 0 2 4 6 8

-6

-4

-2

0

2

4

6

8

[h]

−E3

−E4

−EN

q4/q2

N

|q
N
|/q

2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

-10 -5 0 5 10 15

-10

-5

0

5

10

15

[h]

−E3

−E4

−EN

q4/q2

N

|q
N
|/q

2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

Re[q4
1/4] Re[q3

1/2]

Im
[q

4
1
/
4
]

Im
[q

3
1
/
2
]

� � $ � &� � $ � � $ �  ! � ' %  7 � # �$ &� 	 � %

v �



� � / � 0 � � � � N = 4 � � . h = 1/2

–3

–2.5

–2

–1.5

–1

–0.5

0

0.5

–4 –2 0 2 4

�7 [h]

−E3

−E4

−EN

q4/q2

N

|q
N
|/q

2

Im
[q

3
1
/
3
]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]−E4

(`1/2, `2/2)
(
q4

exact
)1/4 (

q4
WKB

)1/4 −E4
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(2,2) 0.520 + 0.520 i 0.599 + 0.599 i −1.3783
(3,1) 0.847 + 0.268 i 0.899 + 0.299 i −1.7919
(4,0) 1.158 1.198 −2.8356
(3,3) 0.860 + 0.860 i 0.899 + 0.899 i −3.1410
(4,2) 1.159 + 0.574 i 1.198 + 0.599 i −3.3487
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� � � � / - �� � � � � � - � � �+ �� 1 Nc→∞

HN =
N−1∑

k=0

H(~zk, ~zk+1)

�� � $ � ~z0 ≡ ~zN
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~zk ≡ (xk, yk)↔
{

zk = xk + iyk
zk = xk − iyk
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PΨ(~z1, . . . , ~zN−1, ~zN) = Ψ(~z2, . . . , ~zN , ~z1)
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� * �! &� � � * � % � & �  * � 7 �! %�  ! � � !  !  	  7 
� 	 &� � � � �� % �! � � $ � SL(2, C)

% 
� ! 	 � � � ! 7  * �� �
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N� ! &� � % 
� ! % � & &� 	 � � * &  �� 	 � k %� & � S
±,0
k ( S

±,0
k

S̃k =






S0
k = zk∂zk + j

S−k = −∂zk

S+
k = z2

k∂zk + 2jzk

%� 7 � � � $ � ' �  $ S̃k =
{
S
±,0
k

}

� � &� zk, j → zk, j

�� � $ � (j, j)� $ � 	  7 
 � �� % 
� ! % j = 1− j∗ 8� ! ?A@ B j = 0( j = 1 >

HN =
N∑

k=1

[
H(Jk,k+1) + H(Jk,k+1)

]

�� � $ � H(J) = Ψ(1− J) + Ψ(J)− 2Ψ(1)( Ψ(x) = d ln Γ(x)
dx

� ! * Jk,k+1(Jk,k+1 − 1) = (S̃k + S̃k+1)
2( JN,N+1 = JN,1 v �
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 � � & � % � &  � &� � 	  ! % �$ # � * 	 � � $ � � %

8� ! & � � $ � � %  � 7  &�  ! > � � ! #� $ � � ! & 
$  * � 	 & %  � 	  ! �  $ 7 � � % 
� ! %

[
HN , ~̂qn

]
=

[
~̂qn, ~̂qm

]
= 0 n, m = 2, . . . , N

� � � �2 q2 =
∑
{j,k} S̃j · S̃k( q3 =

∑
{j,k,l} S̃j ·

(
S̃k × S̃l

)

� � � �! #� � � � %  � &� � �  � � % & 	  ! �  $ 7 � � 	 � � $ � � 	 � ! � � � $ � & & �! � %

q2 = −h(h− 1) + Nj(j − 1) � ! * q2 = q∗2

�� �$ � h = 1 +
nh
2 + iνh h = 1− h∗ � ! * nh ∈ Z νh ∈ R

� � � �! #� � � � %  � P

PΨ~q({~zi}) = exp(iθN(~q))Ψ~q({~zi})( PN = 1

MΨ~q({~zi}) = Ψ−~q({~zi}) �� �$ � ~q = {~qk}� ! * −~q = {(−1)k~qk}

&� � � � � %� 7  7 �! &� 7 2 θN(~q) = 2πk/N( k = 0,1, . . . , N − 1

v �



� / �� � / � Q � , / � �� � � 1 Q̂~q(u, u)

� � 7 � � &  ! � � ! 2
HN(~q) = i d

du ln
{
u2N

[
Q̂~q(u− i(1− j), u− i(1− j))

× Q̂~q(u + i(1− j), u + i(1− j))
]}∣∣∣

u=0

• Q̂~q(u, u)@  7 7 � & � %2
[
Q̂~q(u, u), Q̂~q(v, v)

]
=

[
t̂N(u), Q̂~q(v, v)

]
=

[
t̂N(u), Q̂~q(v, v)

]
= 0(

t̂N(u) = 2uN + q̂2uN−1 + . . . + q̂N

�� � $ � u( u2 2i(u− u) ∈ Z

• � & % �� � �! #� � � � % %� &� %� ' &� � 3 � � & �$ � � � � &�  ! %2






t̂N(u)Q(u, u) = (u + ij)NQ(u + i, u) + (u− ij)NQ(u− i, u)

t̂N(u)Q(u, u) = (u + ij)NQ(u, u + i) + (u− ij)NQ(u, u− i)
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$  
 �$ &� � % � C !  � ! 
  � � % &$ � 	 &� $ �2

u±m = ±i(j −m)( u±m = ±i(j −m) m, m ∈ 
  %� &� # � � ! & � � �$ %

Q(u±1 + ε, u±1 + ε) = R±(~q)
[

1
εN + iE±(~q)

εN−1 + . . .

]

EN(~q) = Re
[
E+(−~q) + E+(~q)

]
θN(~q) = 2i ln R+(−~q)

R+(~q)

� � �- � � � � � � � � / �� � / � � �- �� � � �

� ! %� &� 2 Q(u, u) =
∫

d2zz−iu−1z−iu−1Q~q(z, z)

� �� * % &  �  � �  � � ! � * �� � $ �! &� � � � � � � &�  !  ! Q~q(z, z)

[
zj(z∂z)z

1−j + z−j(z∂z)
Nzj−1 − 2(z∂z)

N
]
Q~q(z, z) =

N∑

k=2

qk(z∂z)
N−kQ~q(z, z)

z * � 
 �! * �! 	 �  � Q~q(z, z)� % �� � * � ' %� 7 � � � $ � � � � &�  !

� ! &� � z % � 	 &  $ � � &� j( qk

� w
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Q~q(z, z) =
N∑

n,n=1

Qn(z; q)Cnn(~q)Qn(z; q)

�� � * �� � $ �! &� � � � � � � &�  ! % � � % &� $ � � $ � � � � � $ %� ! � � � � $ 
  � ! & % 2

z = 0( z = 1( z =∞ �

%  %  � � &�  ! % � $  � ! * &� � % � 
  � ! & % � $ �

Q
(0)
k (z; q), Q

(0)
k (z; q)

Q
(1)
k (z; q), Q

(1)
k (z; q)

Q
(∞)
k (z; q), Q

(∞)
k (z; q)
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Q
(0)
~q (z, z)

Q
(1)
~q (z, z)

Q
(∞)
~q (z, z)

C
(...)
nn (~q)
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Q
(0)
m (z; q) =

N∑

n=1

Ωmn(q)Q
(1)
n (z; q)

Q
(0)
m (z; q) =

N∑

n=1

Ωmn(q)Q
(1)
n (z; q)

Q
(1)
~q (z, z) =

∑N
n,n=1 Q

(1)
n (z; q)C

(1)
nn (~q)Q

(1)
n (z; q)

Q
(0)
~q (z, z) =

∑N
m,m=1 Q

(0)
m (z; q)C

(0)
mm(~q)Q

(0)
m (z; q)

=
∑N

n,n,m,m=1 Q
(1)
n (z; q)Ωmn(q)C

(0)
mm(~q)Ωmn(q)Q

(1)
n (z; q)

=⇒ C(1)(~q) = [Ω(q)]T · C(0)(~q) ·Ω(q)

� �! C(0) C(1) ~q

N2 −(N − 1) −(2 + (N − 2)2) −(N − 2) = (2N − 3)

⇒ � � � ! &� � � &�  ! 	  ! * � &�  ! % �  $ ~q
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